Abstract. We present the first symmetry inheritance analysis of fields nonminimally coupled to gravity. In this work we are focused on the real scalar field φ with nonminimal coupling of the form ξφ 2 R. Possible cases of the symmetry noninheriting fields are constrained by the properties of the Ricci tensor and the scalar potential. Examples of such spacetimes can be found among those which are "dressed" with the stealth scalar field, a nontrivial scalar field configuration with the vanishing energymomentum tensor. We classify the scalar field potentials which allow the symmetry noninheriting stealth field configurations on top of the exact solutions of the Einstein's gravitational field equation with the cosmological constant.
Introduction
Just as in Newtonian gravity, the isometries of the spacetime and the symmetries of the matter fields have proven to be an invaluable assumption in numerous analyses of the general relativity. One of the basic questions one encounters in the construction of a symmetric spacetime is whether the matter fields inherit the spacetime symmetries. The earliest works on this topic have appeared in the mid-1970s [1] [2] [3] [4] [5] [6] [7] [8] , after which we have had only occasional bursts of activity, separated by relatively dormant phases. The most recent series of papers [9] [10] [11] [12] have solved some long standing open problems and opened several new ones. However, all the results on the symmetry inheritance, both in the old as well as in the more recent papers, are about matter fields minimally coupled to gravity. As all the previously used techniques have proven to be inadequate in this context [9] , the attack on the nonminimally coupled fields requires some new ideas. In this paper we shall be mainly focused on real scalar fields, nonminimally coupled to gravity. Lagrangian terms with nonminimally coupled scalar fields are generated by quantum corrections [13] and are in fact necessary for the theory to be renormalizable in a classical gravitational background [14] . Models with nonminimally coupled scalar fields have proven to be interesting for the inflatory cosmological models [15, 16] , as well as the important source of the black hole hair [17] [18] [19] [20] [21] .
Symmetry inheritance belongs to those self-evident assumptions that are often (and too easily) taken for granted. For example, symmetry inheritance of scalar fields is assumed in Bekenstein's no-hair theorems [22] [23] [24] and their generalizations [17] [18] [19] [20] [25] [26] [27] [28] [29] [30] [31] [32] [33] , as well as in the staticity and the circularity theorems (see e.g. [34] , section 12.1). Better understanding of the possible forms of the black hole solutions is especially important since we are entering an era of intensive observations of gravitational phenomena, both in the electromagnetic spectrum [35] [36] [37] [38] [39] [40] as well as with gravitational waves [38, [41] [42] [43] [44] [45] [46] [47] [48] [49] , which will allow us precise testing of the various hairy black hole solutions. Our aim here is to shed some light on general symmetry inheriting properties of the nonminimally coupled scalar fields and to pave a systematic approach to the problem of the existence of the symmetry noninheriting real scalar black hole hair.
The paper is organized as follows. In section 2 we explain the relevant details of the field equations. In section 3 we introduce several strategies of the symmetry inheritance analysis for the nonminimally coupled scalar fields and then apply these ideas in section 4 to various cases, with different scalar potentials and different physical parameters of the model. In section 5 we discuss the relation of the symmetry inheritance constraints with the no-hair theorems. In section 6 we give a brief overview of the stealth scalar fields, which are the first obvious candidates for the nonminimally coupled symmetry noninheriting fields, and present a classification of the scalar potentials which admit such solutions. In the last section we give some final remarks and point out remaining open questions.
Throughout the paper we follow the choices of conventions from [50] , the "mostly plus" metric signature and the natural system of units, G = c = 1. Unless stated otherwise, the total number of spacetime dimensions is always general D ≥ 3 and all the fields and functions are assumed to be sufficiently smooth.
Field equations
We shall consider an action which is a sum of three parts, the gravitational S g , the scalar S φ and the mixed one S φg ,
The contribution of the gravitational part to the field equations,
is assumed to be a general diff-covariant smooth function of the spacetime metric, the Riemann tensor, the Levi-Civita tensor and the covariant derivatives. The scalar field appears in the remaining two parts of the action, (i) the canonical part,
consisting of the kinetic term
and the potential V (φ);
(ii) the mixed gravitational-scalar sector which represents the nonminimal coupling,
Although the large part of the discussion below may be applied to a general smooth function f , our interest is mainly on the choice
with some real parameter ξ = 0. There is a special choice of the parameter ξ,
which leads to conformally invariant field equations (see e.g. [50] , Appendix D). The value of the parameter ξ has been recently constrained [51] by the cosmological observations, using the flat FRW model and the nonminimally coupled scalar field with vanishing potential V = 0.
The corresponding energy-momentum tensor T (φ)
ab is introduced via
so that
Furthermore, using the decomposition
we can write the energy-momentum in the following form
Here we also introduce the trace of the energy-momentum tensor,
Finally, the complete set of field equation in our problem consists of the gravitational one,
where G ab is the Einstein's tensor, and the generalized Klein-Gordon equation,
3. Strategies of analysis
The object of our discussion is a smooth Lorentzian manifold (M, g ab , φ) with a smooth scalar field φ, admitting a smooth Killing vector field K a . We are interested under which assumptions the open set
is empty, in which case we will say that the field φ inherits the symmetry. Henceforth we focus our analysis on the points of S. For later convenience we also introduce a closed set Z of zeros of the field φ,
Note that the interior of a set where φ has some constant value, φ = φ 0 , is a subset of M − S. Thus, for example, Z • ∩ S = ∅. Also, as at any zero of the Killing vector field, a point where K a = 0, we have £ K φ = K a ∇ a φ = 0, these points are never elements of the set S.
As a consequence of the assumptions about the tensor E ab we know that the existence of a Killing vector field K a , such that £ K g ab = 0, implies £ K E ab = 0. For a minimally coupled field this would immediately lead to the condition £ K T ab = 0, a crucial equation in the recent detailed analyses of the symmetry inheritance for real and complex scalar fields [9, 11] , as well as the electromagnetic field [10, 12] . However, as we are looking at nonminimally coupled fields, we have to resort to other strategies. Note that it is possible to transform nonminimally coupled to minimally coupled scalar field via conformal transformation of the formḡ ab = Ω −2 (φ)g ab with some appropriate real function Ω [17] . But, as was already remarked in [9] , unless we know a priori that £ K φ = 0, there is no guarantee that £ K g ab = 0 will imply £ Kḡab = 0, so that this trick is not useful for the analysis of the symmetry inheritance.
The conformal case
Let us first look at the distinguished case of the conformal coupling, f (φ) = ξ c φ 2 /2. If we act on both sides of the trace of the gravitational field equation (13),
with the Lie derivative £ K , we get
where we have introduced an auxiliary function
This implies the following result.
Theorem 3.1. Let (M, g ab , φ) be a solution to the field equations (13)- (14) with f (φ) = ξ c φ 2 /2 and D ≥ 3, admitting a smooth Killing vector field K a . Then the support of the function W c , defined in (19) , is disjoint from the set S, defined in (15) .
In other words, for each point such that W c (φ) = 0, the symmetry is necessarily inherited,
2 φ, thus in the massive case (µ = 0) the set S − Z is empty. We could ask for which potential V (φ) the function W c (φ) identically vanishes (i.e. it is zero for any real scalar field φ on the domain of the function W c ). The solution of the ordinary differential equation W c = 0 for the unknown V is given by
where A and B are some real constants. The theorem 3.1 does not tell us anything about the set S for this particular choice of the potential and, as will be explained in section 5, here one can find the examples of symmetry noninheriting scalar fields. We can, however, get one useful constraint in this special subcase: By inserting the potential (20) back in the equation (17), it follows that the trace of the tensor E ab is constant,
Note that the constant B effectively only contributes to the cosmological constant Λ, thus without any loss of generality, we can set B = 0, which reduces the constraint (21) to the tracelessness of the tensor E ab . For other choices of the nonminimal coupling the trace of the gravitational field equation will not be as informative as in the conformal case, thus we have to find yet another way to attack the problem.
A strategy aided by Frobenius
Let us now suppose, in addition to the previous assumptions, that the Killing vector field K a is hypersurface orthogonal, so that it satisfies the Frobenius' condition
It is well known [34] that this implies the Ricci staticity condition,
However, there is even a larger class of symmetric tensors E ab , satisfying the analogous property
Such tensors were, in somewhat broader context, labeled as the members of the orthogonal-transitive class (of order 1) in [11] . Beside the canonical Einstein's tensor with the cosmological constant term, we know that the Lovelock tensor [52] and the tensor derived from f (R) theories [53] [54] [55] [56] also satisfy the condition (24) . As our method of analysis is applicable to any such a tensor, we shall now assume that the tensor E ab in the field equation (13) belongs to the orthogonal-transitive class.
Each point p ∈ M where K a = 0 has a coordinate chart (O p , ψ) on which one of the components of the Killing vector field, say K 1 , is nonvanishing. Thus, we can always find an auxiliary (smooth) vector field L a , such that L a K a = 0 on this neighbourhood. Then, from the contraction of the equation (24) with L a , it follows that on a neighbourhood of any point where K a = 0 we have
for some real function γ E , such that
Likewise, there is a function γ G such that
for the Einstein's tensor G ab , and
The first step is to extract the X from the trace of the field equation (13) , which can be done at all points where f ′′ (φ) = ξ c . We have
where T is to be replaced by the trace of the lhs of the field equation (13) and the D'Alembertian φ with the rhs of the Klein-Gordon equation (14) . Next we contract the field equation (13) with
The main idea now is to rewrite the rhs in the same form as the lhs, namely, as the Lie derivative £ K φ multiplied by some algebraic expression. This can be achieved with the help of the identity
and the relation (28) . At the end one can obtain an algebraic relation that must be satisfied on the set S. In order to simplify the expressions and reach some more concrete conclusions in the rest of the discussion we shall assume that the function f (φ) is given by (6).
Constraining the symmetry inheritance
Let us begin with the simplest case, the Einstein's field equations (E ab = G ab ) and the vanishing scalar potential V (φ) = 0. First, if ξ = ξ c , we get that
and
This allows us to compute the crucial contraction of the energy-momentum tensor T
At any point of the set S the equation (29) implies the relation
Taking the Lie derivative £ K of this relation gives us
So, at each point of the set S − Z, we have
By inserting this back into (33) we get a simple constraint
where we have introduced an auxiliary parameter
Thus if ξ / ∈ {0, ξ c , ξ * } then we can conclude that R = 0 at all points of the set S − Z. Since the interior of Z is disjoint from the set S, it is only ∂Z ∩S that may be a nonempty subset of Z ∩ S. But, using lemma 2 (which implies that equality of continuous maps on some set extends to the closure of that set) and lemma 3 (which implies that the closure of complement of the boundary of an open or a closed set is the whole topological space) from [10] , we can in fact conclude that R = 0 at all points of the set S.
What about the conformal case, ξ = ξ c ? Namely, the vanishing potential V = 0 is the A = B = 0 case of (20) , for which the theorem 3.1 remains silent. The trace of the gravitational field equation, with E ab = G ab and V = 0, gives
So, in the conformal case ξ = ξ c we get again R = 0 (unless ξ c = 0, which happens for D = 2). Unfortunately, in this case we cannot say anything useful about the kinetic term X. We can now summarize these conclusions in the following theorem.
Theorem 4.1. Let (M, g ab , φ) be a smooth solution to the field equations (13)- (14) with E ab = G ab , V (φ) = 0, f (φ) = ξφ 2 /2 and ξ / ∈ {0, ξ * }, admitting a hypersurface orthogonal smooth Killing vector field K a . Then R = 0 at all points of the set S, defined in (15) . If in addition ξ = ξ c , then also X = 0 at all points of the set S.
An immediate corollary is that, under the conditions given in the theorem above, if R = 0 at all points of the spacetime, then the set S is empty and the scalar field φ necessarily inherits the symmetry. On the other hand, for ξ / ∈ {0, ξ c , ξ * } the theorem 4.1 guarantees that both the Ricci scalar R and the kinetic term X identically vanish on the set S, so that the field equations are reduced to the following system
Let us now focus on the open set S ′ , defined as the intersection of the set S with the (open) set of points where φ 2 = (8πξ) −1 . First, if we contract the gravitational field equation (40) with ∇ b φ, at each point of the set S ′ we get
from which it follows that
The contraction of the equation (40) with R ab then gives
Also, if we combine the equations (23) and (40),
then contract it with K a ∇ b φ, on the set S ′ − Z it implies the relation
Using this in the equation (40) contracted with
Equations (43) and (46) provide us with two additional constraints: If ξ / ∈ {0, ξ c , ξ * }, at each point of the set S ′ − Z we have R ab R ab = 0 and R ab K a K b = 0. This suggests that the natural candidates for the symmetry noninheriting nonminimally coupled real scalar field with vanishing potential V should be looked for among the Ricci-flat solutions.
As a first step towards the generalization of this result, we can assume that the potential is given by the mass term V = V mass ≡ µ 2 φ 2 /2, where µ ≥ 0, and add the nonvanishing cosmological constant, E ab = G ab + Λg ab . In this case, if ξ / ∈ {0, ξ c }, at all points of the set S − Z we have
Furthermore, if ξ / ∈ {0, ξ c , ξ * }, by repeating the procedure from above, we get that the Ricci scalar R has to be a very specific constant,
on the set S − Z. We shall exploit this constraint in the section 6. While it is straightforward to generalize the relation (48) to the case of the general potential V , the result is pretty cumbersome and, more to the point, it does not seem to lead to a useful constraint on the Ricci scalar.
Finally, even more ambitious line of generalization is to look "beyond Einstein", with the tensor E ab which satisfies the orthogonal-transitive condition (24) . If we assume that V (φ) = 0 and ξ / ∈ {0, ξ c }, by repeating the same procedure as above we get
where
so that the equation (29) on the set S implies
We can extract γ G by taking the Lie derivative £ K of the last equation,
and insert it back into the equation (51) to reduce it to
At this point we see the limitations of the procedure introduced above: The constraint we have established on the trace of the tensor E ab is still pretty implicit, as it does not give a clear relation between the tensor E ab and the parameters of the model that would need to be satisfied on the set S.
Black hole hair via symmetry noninheritance
All previous discussion is general in a sense that we only look at the local properties of the spacetime. One particularly interesting application of the symmetry inheritance properties is in the context of black hole spacetimes and associated no-hair theorems.
Ever since the early results on no-hair theorems, most of the activity in this field of research can be described as an exchange of challenges, the quest to find as general as possible constraints on the allowed form of the black hole hair on one side, and the quest to find the way to circumvent those constraints and provide hairy black hole solutions on the other. There is a compelling body of evidence, based on detailed numerical [57, 58] and analytic [59] analyses, that the complex scalar hair can circumvent the no-hair theorems via symmetry noninheritance. On the other hand, there are theorems [9, 11] which pretty much exclude the existence of the nontrivial symmetry noninheriting minimally coupled real scalar hair in the presence of Killing horizons. Still, this leaves the possibility that nonminimally coupled real scalar field might provide symmetry noninheriting black hole hair.
What is the current status of the no-hair theorems for the nonminimally coupled real scalar black hole hair? In the absence of the scalar self-interaction, that is when the potential is identically zero V (φ) = 0, there are several lines of generalization [17, 18, 20, 21, 25, 29] (see also discussion about the (2 + 1)-dimensional case in [60] ), all of which assume that the spacetime is spherically symmetric, static (at least in the domain of outer communications) and the scalar field φ inherits all symmetries (i.e. it depends only on the radial coordinate, φ = φ(r)). Cases with nonvanishing potential V are covered by the series of results in [61] (for the spherically symmetric spacetimes, nonnegative potential V ≥ 0 and ξ < 0 or ξ ≥ 1/2) and [19] (for the static spacetimes, quartic potential V = λφ 4 and any real ξ), both of which rely on the assumption about the symmetry inheritance.
For any no-hair theorem which assumes the symmetry inheritance (and most of them do so without any justification) constraints presented in the sections 3 and 4 can either (a) close the gap is a sense that one cannot evade the no-hair theorem result on account of breaking of the symmetry inheritance, or (b) point to the gap which is still open (since the constraints presented here do not guarantee the symmetry inheritance under the conditions considered by the given no-hair theorems) and which indicates the possibility of a novel symmetry noninheriting black hole hair.
To summarize, in the conformal case (ξ = ξ c ) there can be no symmetry noninheriting black hole hair unless V = 0 or V = V c . Note that the latter two cases are exactly those which were (based on the principle of conformal invariance) chosen for the no-hair analyses. Furthermore, in the non-conformal case (ξ = ξ c ), situation is much more intricate, as explained by the theorem 4.1 and the discussion below. For example, if the potential V is vanishing the assumption on symmetry inheritance is unwarranted unless R = 0.
Of course, one might object that the gaps left open by the constraints above (e.g. V = V c in the theorem 3.1 or R = 0 in the theorem 4.1) are just methodological artefacts. However, examples in the next section will demonstrate that this is not so.
We turn now to the phenomenon of stealth fields, a rich source of spacetimes with symmetry noninheriting scalar fields.
Stealth scalar fields
Although by Wheeler's maxim "matter tells spacetime how to curve", the effect of the matter on the spacetime can sometimes be seemingly invisible. A decade ago it was noticed [62] that some exact solutions of the vacuum Einstein's equations are simultaneously exact solutions of the Einstein-Klein-Gordon equations with nonminimally coupled scalar fields. More concretely, any nontrivial scalar field configuration that is a solution of the field equations (13)- (14), such that T (φ) ab + 2f (φ)G ab = 0 and, consequently, E ab = 0, was dubbed stealth scalar field. It is worth noting that the minimally coupled scalar fields don't allow stealth configurations. Namely, if f = 0 and T (φ) ab = 0, then the equations g ab T (φ)
cd = 0 imply that for any integer D ≥ 2 we necessarily have X = 0 and V (φ) = 0, from which it follows that ∇ a φ∇ b φ = 0. In other words, in this case the field φ is just a constant.
The analyses of the spacetimes "dressed" with the stealth scalar fields were done for the Minkowski spacetime [62] , the BTZ black hole [63] and various cosmological spacetimes [64] [65] [66] . The analysis of the linear stability of the stealth scalar fields with respect to small tensor perturbations in [67] has found that some regions of the parameter space correspond to stable configurations, making them viable astrophysical models. Since in any of these examples the background spacetime possesses a number of isometries and the stealth scalar field is, at least in the gravitational field equation, essentially decoupled from gravity, these solutions are plentiful source of symmetry noninheriting configurations.
Suppose we want to dress an exact D ≥ 3 dimensional solution of the Einstein's field equation, E ab = G ab + Λg ab = 0, with a stealth scalar field. This amounts to finding a scalar field φ, such that
for some potential V and parameter ξ. Here we may use similar tricks as in the previous section. The conformal case ξ = ξ c is basically covered by the discussion in the subsection 3.1. If ξ = ξ c then we can extract X from the trace T = DξΛφ 2 and plug it back to the contraction
The result is the equation
The equation above implies that on the set S we necessarily have W ξ (φ) = 0. Now, it is again interesting to see for which potentials V the function W ξ identically vanishes, allowing the possibility of a "substantially large" set S. We have the following cases:
where A and B are some real constants. Let us now look at some physically relevant examples.
Minkowski spacetime. The D-dimensional Minkowski spacetime (R D , η ab ) is a maximally symmetric space, so any stealth field configuration on top of it will easily break the symmetry inheritance. If we look at the case of vanishing potential V , the Minkowski spacetime automatically satisfies one of the constraints given by theorem 4.1 (as its Riemann tensor is identically zero), so we need to find a scalar field with X = 0 (at least for the nonconformal case, ξ = ξ c ). Take any constant (nonvanishing) null vector field ℓ a and φ = φ(u), where u = η µν ℓ µ x ν . Then the Klein-Gordon equation is automatically satisfied,
and the kinetic term vanishes,
The gravitational field equation reduces to the nonlinear differential equation
We have the following subcases
where α and β are some real constants. In both of these classes of solutions the symmetry inheritance is manifestly broken. The systematic study of dressing of the Minkowski spacetime with the nonminimally coupled real scalar field has been done in [62] , where the authors have constructed the general form of the potential V which allows such stealth solutions. These potentials are exactly those to which the potentials (58)- (59) reduce in the Λ = 0 case, as well equal to the potential (20) in the conformal case. Note, however, that our conclusions hold for any exact solution of the Einstein's gravitational field equation which admits an isometry that is broken by the stealth scalar field. Also, if V = V mass with µ = 0, then the constraint (48), with R = 0 and Λ = 0, implies that for ξ / ∈ {0, ξ * } the coupling constant must be ξ = 1/4 (with an exception of the case D = 3, for which ξ * = 1/4), and an example of such a stealth field can be also found in [62] .
Cosmological spacetimes. Analogous classes of stealth scalar fields can be constructed on top of the homogeneous isotropic universe. These have been studied in [65] , using conformal coupling ξ = ξ c and the potential of the form (20) . Apart from the form of the potentials given by (58)- (59), here we may comment on the case when V = V mass and the cosmological solution admits a hypersurface orthogonal Killing vector field (e.g. FRW solutions with the flat spatial geometry). If we combine the equation (48) with R = 2DΛ/(D − 2), we get a constraint on the parameter ξ in a form of the cubic equation,
For example, if µ = 0 and Λ = 0, then this equation implies that we must have either ξ = ξ c or ξ = (D − 1)/4D. We note in passing that the authors of [68] [69] [70] consider cosmological solutions dressed with stealth, but symmetry inheriting scalar fields.
Black hole spacetimes. Finally, it is tempting to ask if it is possible to dress up a black hole with a stealth scalar field. As was explained in the previous section, all the gaps left by the symmetry inheritance constraints indicate the possible way to evade the known no-hair theorems. Indeed, examples of stealth scalar fields on the 3-dimensional BTZ black hole have been found in [63] . Here we have time dependent stealth fields (for various potentials V ) on top of the stationary spacetime. Still, physically more interesting cases are those of the 1 + 3 spacetime dimensions. To our knowledge, no such solutions, of 4-dimensional black holes with the symmetry noninheriting stealth scalar hair, have been found (or proven not to exist by some novel no-hair theorem). Let us look, for example, at the Schwarzschild spacetime in which the exterior of the black hole is covered with the coordinate system {t, r, θ, ϕ}. If we assume that ∂ θ φ = 0, then the equation T = 0, we get that ∂ t φ = 0, thus φ = φ(r) and this is a symmetry inheriting field. This, however, is not enough to prove that such a hair does not exist due to the remaining case when ∂ θ φ = 0.
Final remarks
The methods of approach to the problem of symmetry inheritance of the nonminimally coupled fields and the various classification schemes presented in this paper should be taken as the first step towards the more comprehensive understanding of the breaking of the symmetry inheritance. Several obvious questions remain open for the future work.
First of all, our method has a "blind spot" in the ξ = ξ * case. A further study is needed for the other cases of the function f , which defines the nonminimal coupling, as well for the more general potentials V when the coupling is not conformally invariant. Also, our method does not seem to give useful constraints with some more complicated cases of the nonminimal coupling, such is the one in the EGBd model [71, 72] (where the scalar field is coupled to the Gauss-Bonnet Lagrangian term) or in the generalized Brans-Dicke theories [73, 74] , thus a different approach is needed.
Ramifications of the symmetry inheritance results on the no-hair theorems have been discussed in the section 5 and at the end of the section 6. For example, in the conformal case (with ξ = ξ c and V = V c ) stealth field configurations demonstrate the existence of the symmetry noninheriting solutions and the associated gap in the nohair theorems (which assume that the scalar field inherits the symmetries). The most important question left open here is whether there might exist a 4-dimensional black hole solution with nonminimally coupled, symmetry noninheriting scalar hair. The classification of the symmetry noninheriting black hole hair [9, 11] is still in its infancy, and here one might hope for some further refinements of the no-hair theorems and possibly novel examples of such hair.
